Abstract. Some new counterparts of Bessel's inequality for orthornormal families in real or complex inner product spaces are pointed out. Applications for some Grüss type inequalities are also empahsized.
Introduction
In [1] , the author has proved the following result which provides both a Grüss type inequality for orthogonal families of vectors in real or complex inner products as well as, for x = y, a counterpart of Bessel's inequality. Theorem 1. Let {e i } i∈I be a family of orthornormal vectors in H, i.e., e i , e j = 0 if i = j and e i = 1, i, j ∈ I, F a finite part of I, φ i , γ i , Φ i , Γ i ∈ R (i ∈ F ), and x, y ∈ H. If either In the follow up paper [2] , and by the use of a different technique, the author has pointed out the following result as well: Theorem 2. Let {e i } i∈I , F, φ i , γ i , Φ i , Γ i and x, y be as in Theorem 1. If either (1.1) or (1.2) holds, then we have the inequality
x, e i e i , y (1.4)
The constant 1 4 is best possible in the sense that it cannot be replaced by a smaller constant.
It has also been shown that the bounds provided by the second inequality in (1.3) and the second inequality in (1.4) cannot be compared in general.
A New Counterpart of Bessel's Inequality
The following counterpart of Bessel's inequality holds. Theorem 3. Let {e i } i∈I be a family of orthornormal vectors in H, F a finite part of I, and φ i , Φ i (i ∈ F ) , real or complex numbers such that i∈F Re Φ i φ i > 0. If x ∈ H is such that either
holds, then one has the inequality (2.1)
Proof. Firstly, we observe that for y, a, A ∈ H, the following are equivalent
Now, for a = i∈F φ i e i , A = i∈F Φ i e i , we have
giving, for y = x, the desired equivalence. Now, observe that
On the other hand, by the elementary inequality
we deduce
Dividing (2.4) by i∈F Re Φ i φ i 1 2 > 0 and using (2.5), we obtain
, which is also an interesting inequality in itself.
Using the Cauchy-Buniakowsky-Schwartz inequality for real numbers, we get i∈F
Making use of (2.6) and (2.7), we deduce the desired result (2.1).
To prove the sharpness of the constant 1 4 , let us assume that (2.1) holds with a constant c > 0, i.e., (2.8)
If x = me, then obviously (2.10) holds, and by (2.9) we get
, from where we deduce c ≥ 
Remark 1. By the use of (2.6), the second inequality in (2.7) and the Hölder inequality, we may state the following counterparts of Bessel's inequality as well:
The following corollary holds.
Corollary 1. With the assumption of Theorem 3 and if either (i) or (ii) holds, then
where
The constant 1 4 is best possible. Proof. The inequality (2.12) follows by (2.1) on subtracting the same quantity i∈F | x, e i | 2 from both sides.
To prove the sharpness of the constant 1 4 , assume that (2.12) holds with c > 0, i.e., (2.14) 0
provided the condition (i) holds. Choose F = {1} , e 1 = e, e = 1,
then we have
and by (2.15) we get
Now, if we let
which shows that (2.16) is fulfilled, and thus by (2.17) we obtain
for any Φ > φ > 0. This implies
for any ε ∈ (0, 1) which produces c ≥ 
then we have the inequality
The constant 
holds, then we have the inequalities
and
The constants 
Some Grüss Type Inequalities
The following result holds. 
hold, then we have the inequality 
Taking the square root in (3.5), we deduce (3.3). The fact that 1 4 is the best possible constant follows by Corollary 1 and we omit the details.
The following corollary for real inner product spaces holds.
Corollary 3. Let {e i } i∈I be a family of orthornormal vectors in H, F a finite part of
I, M i , m i , N i , n i ≥ 0, i ∈ F and x, y ∈ H such that i∈F M i m i > 0, i∈F N i n i > 0 and (3.6) i∈F M i e i − x, x − i∈F m i e i ≥ 0, i∈F N i e i − y, y − i∈F n i e i ≥ 0.
Then we have the inequality
The constant 1 16 is best possible. In the case where the family {e i } i∈I reduces to a single vector, we may deduce from Theorem 4 the following particular case first obtained in [3] .
Corollary 4. Let e ∈ H, e = 1, φ, Φ, γ, Γ ∈ K with Re Φφ , Re (Γγ) > 0 and x, y ∈ H such that either (3.8) Re Φe − x, x − φe ≥ 0, Re Γe − y, y − γe ≥ 0, or, equivalently, 
The constant 1 4 is best possible. If x, e , y, e = 0, then the following equivalent form of (3.12) also holds (3.13)
x, y x, e e, y
Some Companion Inequalities
The following companion of the Grüss inequality also holds.
Theorem 5. Let {e i } i∈I be a family of orthornormal vectors in H, F a finite part of I, φ i , Φ i ∈ K, (i ∈ F ), x, y ∈ H and λ ∈ (0, 1) , such that either
or, equivalently,
holds. Then we have the inequality (4.3) Re x, y − i∈F x, e i e i , y we may state that for any a, b ∈ H and λ ∈ (0, 1)
for any x, y ∈ H, then, by (4.4), we get Re x, y − i∈F x, e i e i , y (4.5)
If we apply the counterpart of Bessel's inequality from Corollary 1 for λx+(1 − λ) y, we may state that
Now, by making use of (4.5) and (4.6), we deduce (4.3). The fact that 
.
Integral Inequalities
Let (Ω, Σ, µ) be a measure space consisting of a set Ω, a σ−algebra of parts Σ and a countably additive and positive measure µ on Σ with values in R ∪ {∞} . Let ρ ≥ 0 be a µ−measurable function on Ω. Denote by L 2 ρ (Ω, K) the Hilbert space of all real or complex valued functions defined on Ω and 2 − ρ−integrable on Ω, i.e.,
Consider the family {f i } i∈I of functions in L 2 ρ (Ω, K) with the properties that
The following proposition holds.
Then we have the inequality
In particular, we have
The constant 1 4 is best possible in both inequalities. The proof is obvious by Theorem 3 and Remark 1. We omit the details. The following proposition also holds. 
